Let k ≥ 1 be a small fixed integer. The rational approximations p/q − π k > 1/q µ(π k ) of the irrational number π k are bounded away from zero. A general result for the irrationality exponent µ(π k ) will be proved here. The specific results and numerical data for a few cases k = 2 and k = 3 are also presented and explained. The even parameters 2k correspond to the even zeta constants ζ(2k).
Introduction
Let k ≥ 1 be a small fixed integer. The rational approximations p/q − π k > 1/q µ(π k ) of the irrational number π k are bounded away from zero. The earliest result |p/q − π| > 1/q 42 for the irrationality exponent µ(π) was proved by Mahler in 1953, and more recently it was reduced to |p/q − π| > 1/q 7.6063 by Salikhov in 2008. The earliest result for next number p/q − π 2 > 1/q 11.86 was proved by Apery in 1979, and more recently it was reduced to p/q − π 2 > 1/q 7.398537 by Rhin and Viola in 1996. Therer is no literature for k ≥ 3. This note introduces elementary techniques to determine the irrationality exponent µ(π k ) of the irrational number π k . It is shown that the Diophantine inequality p/q − π k > 1/q 2+ε , where ε > 0 is an arbitrarily small number, is true for any k ≥ 1.
Exponent For The Number π 2
Let {p n /q n : n ≥ 1} be the sequence of convergents of the irrational number π 2 . The sequence of rational approximations { p n /q n − π 2 : n ≥ 1} are bounded away from zero. For instance, the 5th and 6th convergents are (i) 227 23 − π 2 ≥ 1 23 3.236253 , (ii) 10748 1089 − π 2 ≥ 1 1089 2.018434 , respectively, additional data are compiled in Table 2 . But, it is difficult to prove a lower bound. The earliest result p/q − π 2 ≥ 1/q 11.85 was proved by Apery in [1] , and more recently it was improved to p/q − π 2 ≥ 1/q 5.44 by Rhin and Viola in [22] . Basic and elementary ideas are used here to improve it to the followings estimate. Theorem 1.1. For all large rational approximations p/q → π 2 , the Diophantine inequality
where ε > 0 is a small number, is true.
The proof appears in Section 6. Year µ(π 2 ) ≤ 11. 85078 Apery, [17] 1976 µ(π 2 ) ≤ 10. 02979 Dvornicich, Viola, [10] 1987 µ(π 2 ) ≤ 5. 441243 Rhin, Viola, [22] 2001 1.2 Exponent For The Number π 3
Let {p n /q n : n ≥ 1} be the sequence of convergents of the irrational number π 3 . The sequence of rational approximations { p n /q n − π 3 : n ≥ 1} are bounded away from zero. For instance, the 5th and 6th convergents are 
The proof appears in Section 7.
Exponent For
The General Case π k Theorem 1.3. Let k ≥ 1 be a small fixed integer. For all large rational approximations p/q → π k , the Diophantine inequality
The proof appears in Section 9.
Harmonic Summation Kernels
The harmonic summation kernels naturally arise in the partial sums of Fourier series and in the studies of convergences of continuous functions.
where x ∈ N is an integer and z ∈ R − πZ is a real number.
Definition 2.2. The Fejer kernel is defined by
These formulas are well known, see [15] and similar references. For z = kπ, the harmonic summation kernels have the upper bounds |K x (z)| = |D x (z)| ≪ |x|, and |K x (z)| = |F x (z)| ≪ |x 2 |.
The Dirichlet kernel in Definition 2.1 is a well defined continued function of two variables x, z ∈ R. Hence, for fixed z, it has an analytic continuation to all the real numbers x ∈ R.
An important property is the that a proper choice of the parameter x ≥ 1 can shifts the sporadic large value of the reciprocal sine function 1/sin z to K x (z), and the term 1/sin(2x + 1)z remains bounded. This principle will be applied to certain lacunary sequences {q n : n ≥ 1}, which maximize the reciprocal sine function 1/sin z, to obtain an effective upper bound of the function 1/sin z.
Lemma 2.1. Let k ≥ 1 be a small fixed integer, and let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π k , and 0 = z ∈ Z. Then
Proof. By the best approximation principle, see Lemma 10.6, m − π k z ≥ p n − π k q n (7)
for any integer z ≤ q n . Hence,
as n → ∞.
3 Upper Bound For 1/sin π k+1 z As shown in Lemma 2.1, to estimate the upper bound of the function 1/|sin π k+1 z| over the real numbers z ∈ R, it is sufficient to fix z = q n , and select a real number x ∈ R such that q n ≍ x. This idea is demonstrated below for small integer parameter k ≥ 1.
Lemma 3.1. Let k ≥ 1 be a small fixed integer, let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π k , and define the associated sequence
where v 2 = v 2 (q n ) = max{v : 2 v | q n } is the 2-adic valuation, and n ≥ 1. Then (i) sin 2(x n − 1/2) + 1)π k+1 q n = ±1.
(ii) sin 2(x n + 1/2) + 1)π k+1 q n = ± cos 2π k+1 q n .
(iii) sin 2x n + 1/2)π k+1 q n ≥ 1 − 2π 2 q 2 n , as n → ∞.
Proof. Observe that the value x n in (9) yields sin(2π k+1 q n x n ) = sin 2π k+1 q n 2 2+2v2 + 1 2 2+2v2
and cos 2π k+1 q n x n = cos 2π k+1 q n 2 2+2v2 + 1 2 2+2v2 q n π k = cos π 2 · w n = 0,
where
is an odd integer. (i) Routine calculations yield this: sin((2(x n − 1/2) + 1)π k+1 q n ) = sin 2π k+1 q n x n
= sin 2π k+1 q n 2 2+2v2 + 1 2 2+2v2 q n π k = sin π 2 · w n = ±1, (ii) Routine calculations yield this: sin (2(x n + 1/2) + 1)π k+1 q n = sin(2π k+1 q n x n + 2π k+1 q n )
= sin(2π k+1 q n x n ) cos(2π k+1 q n ) + cos(2π k+1 q n x n ) sin(2π k+1 q n ).
Substituting (10) and (11) into (14) return sin 2(x n + 1/2) + 1)π k+1 q n = ± cos 2π k+1 q n .
(iii) This follows from the previous result:
= ± cos 2πp n − 2π k+1 q n = ± cos 2π p n − π k q n ≍ 1, since the sequence of convergents satisfies p n − π k q n ≤ 1/q n as n → ∞.
Lemma 3.2. Let k ≥ 1 be a small fixed integer, let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π k , and define the associated sequence
where v 2 = v 2 (q n ) = max{v : 2 v | q n } is the 2-adic valuation, and n ≥ 1. Then
Proof. Consider the continuous function f (x) = sin 2x + 1)π k+1 q n over the interval [x n − 1/2, x n + 1/2]. By Lemma 3.1, it has a local maximal at x = x n − 1/2 ∈ R:
= 1, and it has a local minimal at x = x n + 1/2 ∈ R:
Theorem 3.1. If k ≥ 1 is a small fixed integer, and z ∈ N is a large integer, then,
Proof. Let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π k . Since the denominators sequence {q n : n ≥ 1} maximize the reciprocal sine function 1/sin π k+1 z, see Lemma 2.1, it is sufficient to prove it for z = q n . Define the associated sequence
where v 2 = v 2 (q n ) = max{v : 2 v | q n } is the 2-adic valuation, and n ≥ 1. Let f (x) = sin (2x + 1)π k+1 z , and let z = q n . The function f (x) is bounded over the interval [x n − 1/2, x n + 1/2], see Lemma 3.1. Replacing the integer parameters x * ∈ [x n − 1/2, x n + 1/2], z = q n , and applying Lemma 3.1 return
Rewrite the reciprocal sine function in terms of the harmonic kernel in Definition 2.1, and splice all these information together, to obtain
since |z|≍ x * ≍ p n ≍ q n , and the trivial estimate |D x (z)| ≪ |x|.
Upper Bound For 1/sin π 3 z
As shown in Lemma 2.1, to estimate the upper bound of the function 1/|sin π 3 z| over the real numbers z ∈ R, it is sufficient to fix z = q n , and select a real number x ∈ R such that q n ≍ x. This idea is demonstrated below.
Lemma 4.1. Let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π 2 , and define the associated sequence
where v 2 = v 2 (q n ) = max{v : 2 v | q n } is the 2-adic valuation, and n ≥ 1. Then (i) sin 2(x n − 1/2) + 1)π 3 q n = ±1.
(ii) sin 2(x n + 1/2) + 1)π 3 q n = ± cos 2π 3 q n .
Proof. Same as Lemma 3.1.
Lemma 4.2. Let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π 2 , and define the associated sequence
where x * ∈ [x n − 1/2, x n + 1/2] is an integer.
Proof. Same as Lemma 3.2.
Theorem 4.1. Let z ∈ N be a large integer. Then,
Proof. Let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π 2 . Since the denominators sequence {q n : n ≥ 1} maximize the reciprocal sine function 1/sin π 3 z, it is sufficient to prove it for z = q n . Define the associated sequence
where v 2 = v 2 (q n ) = max{v : 2 v | q n } is the 2-adic valuation, and n ≥ 1. Replacing the integer parameters x * ∈ [x n − 1/2, x n + 1/2], z = q n , and applying Lemma 4.2 return
since the sequence of convergents satisfies p n − π 2 q n → 0 as n → ∞. Rewrite the reciprocal sine function in terms of the harmonic kernel in Definition 2.1, and splice all these information together, to obtain
Upper Bound For 1/ sin π 4 z
As shown in Lemma 2.1, to estimate the upper bound of the function 1/|sin π 4 z| over the real numbers z ∈ R, it is sufficient to fix z = q n , and select a real number x ∈ R such that q n ≍ x. This idea is demonstrated below.
Lemma 5.1. Let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π 3 , and define the associated sequence
where v 2 = v 2 (q n ) = max{v : 2 v | q n } is the 2-adic valuation, and n ≥ 1. Then (i) sin 2(x n − 1/2) + 1)π 4 q n = ±1.
(ii) sin 2(x n + 1/2) + 1)π 4 q n = ± cos 2π 3 q n .
Lemma 5.2. Let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π 3 , and define the associated sequence
Theorem 5.1. Let z ∈ N be a large integer. Then,
Proof. Let {p n /q n : n ≥ 1} be the sequence of convergents of the real number π 3 . Since the denominators sequence {q n : n ≥ 1} maximize the reciprocal sine function 1/sin π 4 z, it is sufficient to prove it for z = q n . Define the associated sequence
where v 2 = v 2 (q n ) = max{v : 2 v | q n } is the 2-adic valuation, and n ≥ 1. Replacing the integer parameters x * ∈ [x n − 1/2, x n + 1/2], z = q n , and applying Lemma 5.2 return |sin ((2x + 1)z)| = sin (2x * + 1)π 4 q n (37) ≍ 1, since the sequence of convergents satisfies p n − π 3 q n → 0 as n → ∞. Rewrite the reciprocal sine function in terms of the harmonic kernel in Definition 2.1, and splice all these information together, to obtain
The Exponent Result For π 2
The last estimate for irrationality exponent of the first even zeta constant ζ(2) = π 2 /6 in Table 1 was derived from the algebraic properties of the cellular integral
where A 2 , B 2 ∈ Z are integers. The analysis appears in [23] , and an expanded version of the theory of cellular integrals is presented in [2, Section 5.3]. These techniques also rely on rational functions approximations of π 2 and the prime number theorem. Some relevant references are [23] , [12] , [11] , [25] , and [6] for an introduction to the rational approximations of π and the various proofs.
Since ζ(2) and π 2 have the same irrationality exponent, the analysis is done for the simpler number. The proof within is based on an effective upper bound of the reciprocal sine function over the sequence {q n : n ≥ 1} as derived in Section 4.
Proof. (Theorem 1.1) Let ε > 0 be an arbitrary small number, and let {p n /q n : n ≥ 1} be the sequence of convergents of the irrational number π 2 . By Theorem 4.1, the reciprocal sine function has the upper bound 1 sin (π 3 q n ) ≪ q 1+ε n .
Moreover, sin π 3 q n = sin αp − π 3 q n if and only if αp = πp n , where p n is an integer. These information lead to the following relation.
1 q 1+ε n ≪ sin π 3 q n (41) ≪ sin π 3 q n − πp n ≪ sin π π 2 q n − p n ≪ π 2 q n − p n for all sufficiently large p n /q n . Therefore,
Clearly, this implies that the irrationality measure of the real number π 2 is µ(π 2 ) = 2, see Definition 10.1. Quod erat demontrandum.
Numerical Data For The Exponent µ(π 2 )
The continued fraction is π 2 = [9; 1, 6, 1, 2, 47, 1, 8, 1, 1, 2, 2, 1, 1, 8, 3, 1, 10, 5, 1, 3, 1, 2, 1, 1, 3, 15, . . .].
(43)
The sequence of convergents {p n /q n : n ≥ 1} is computed via the recursive formula provided in Lemma 10.1. The approximation µ n (π 2 ) of the exponent in the inequality
are tabulated in Table 2 for the early stage of the sequence of convergents p n /q n −→ π 2 .
7 The Exponent Result For π 3
The literature seems to offer no information on the irrationality exponent µ(π 3 ) ≥ 2 of the irrational number π 3 .
Proof. (Theorem 1.2) Let ε > 0 be an arbitrary small number, and let {p n /q n : n ≥ 1} be the sequence of convergents of the irrational number π 3 . By Theorem 5.1, the reciprocal sine function has the upper bound 1 sin (π 4 q n ) ≪ q 1+ε n .
Moreover, sin π 4 q n = sin αp − π 4 q n if and only if αp = πp n , where p n is an integer. These information lead to the following relation.
≪ sin π 4 q n − πp n ≪ sin π π 3 q n − p n ≪ π 3 q n − p n for all sufficiently large p n /q n . Therefore, Clearly, this implies that the irrationality measure of the real number π 3 is µ(π 3 ) = 2, see Definition 10.1. Quod erat demontrandum.
Numerical Data For The Exponent µ(π 3 )
The continued fraction of the second odd power of π is π 3 = [31; 159, 3, 7, 1, 13, 2, 1, 3, 1, 12, 2, 2, 4, 34, 2, 43, 3, 1, 3, 2 
The sequence of convergents {p n /q n : n ≥ 1} is computed via the recursive formula provided in Lemma 10.1. The approximation µ n (π 3 ) of the exponent in the inequality
are tabulated in Table 3 for the early stage of the sequence of convergents p n /q n −→ π 3 .
The Exponent Result For The Odd ζ(3)
The last estimate for irrationality exponent of the odd zeta constant ζ(3) was derived from the algebraic properties of the cellular integral where A 3 , B 3 ∈ Z are integers. The analysis appears in [22] , and an expanded version of the theory of cellular integrals is presented in [2, Section 5.3]. There some relationship between the numbers ζ(3) and π 3 , but is not clear if µ(ζ(3)) = 2. In [9] , it was proved that ζ(3) = απ 3 , where α ∈ R is irrational. The numerical data in Table 5 suggests the followings. 
Numerical Data For The Exponent µ(ζ(3))
The continued fraction of the first odd zeta constant is ζ(3) = [1, 2, 0, 2, 0, 5, 6, 9, 0, 3, 1, 5, 9, 5, 9, 4, 2, 8, 5, 3, 9, 9, 7, 3, 8, . . .],
listed as A002117 in OEIS. The sequence of convergents {p n /q n : n ≥ 1} is computed via the recursive formula provided in Lemma 10.1. The approximation µ n (ζ(3)) of the exponent in the inequality
are tabulated in Table 5 for the early stage of the sequence of convergents p n /q n −→ π 3 . The method used to prove the irrationality measure µ(π k ) of the number π k is not based on rational functions approximations of π k and the prime number theorem. Some relevant references are [23] , [12] , [17] , [18] , [8] , [11] , [25] , and [6] for an introduction to the rational approximations of π and the various proofs.
The proof is based on an effective upper bound of the reciprocal sine function over the sequence of {q n : n ≥ 1} derived in Section 3.
Proof. (Theorem 1.3) Let ε > 0 be an arbitrary small number, and let {p n /q n : n ≥ 1} be the sequence of convergents of the irrational number π k , with k ≥ 1. By Theorem 3.1, the reciprocal sine function has the upper bound
Moreover, the relation sin π k+1 q n = sin αp − π k+1 q n is true if and only if αp = πp n , where p n is an integer. These information lead to the following inequalities 1 q 1+ε n ≪ sin π k+1 q n (54)
≪ sin π k+1 q n − πp n ≪ sin π π k q n − p n ≪ π k q n − p n for all sufficiently large p n /q n . Therefore,
Clearly, this implies that the irrationality measure of the real number π k is µ(π k ) = 2, see Definition 10.1. Quod erat faciendum.
Basic Diophantine Approximations Results
All the materials covered in this section are standard results in the literature, see [13] , [16] , [19] , [21] , [24] , [26] , et alii.
Lemma 10.1. Let α = [a 0 , a 1 , . . . , a n , . . . , ] be the continue fraction of the real number α ∈ R. Then the following properties hold.
(i) p n = a n p n−1 + p n−2 , p −2 = 0, p −1 = 1, for all n ≥ 0.
(ii) q n = a n q n−1 + q n−2 , q −2 = 1, q −1 = 0, for all n ≥ 0.
(iii) p n q n−1 − p n−1 q n = (−1) n−1 , for all n ≥ 1.
(iv) p n q n = a 0 + 0≤k<n (−1) k q k q k+1 , for all n ≥ 1. This is a statement about the lack of effective or good approximations for any arbitrary rational number α ∈ Q by other rational numbers. On the other hand, irrational numbers α ∈ R − Q have effective approximations by rational numbers. If the complementary inequality |α − p/q| < c/q holds for infinitely many rational approximations p/q, then it already shows that the real number α ∈ R is irrational, so it is sufficient to prove the irrationality of real numbers.
Rationals And Irrationals Numbers Criteria
(1) A rational number has an irrationality measure of µ(α) = 1, see [13, Theorem 186 ].
(2) An algebraic irrational number has an irrationality measure of µ(α) = 2, an introduction to the earlier proofs of Roth Theorem appears in [21, p. 147 ].
(3) Any irrational number has an irrationality measure of µ(α) ≥ 2.
(4) A Champernowne number κ b = 0.123 · · · b − 1 · b · b + 1 · b + 2 · · · in base b ≥ 2, concatenation of the b-base integers, has an irrationality measure of µ(κ b ) = b. For example, the decimal number κ 10 = 0.1234567891011121314151617 · · · (61) has the irrationality measure of µ(κ 10 ) = 10. 
